We present the general theory of a quantum heat machine based on an N -level system (working medium) whose N − 1 excited levels are degenerate, a prerequisite for steady-state interlevel coherence. Our goal is to find out: To what extent is coherence in the working medium an asset for heat machines? The performance bounds of such a machine are common to (reciprocating) cycles that consist of consecutive strokes and continuous cycles wherein the periodically driven system is constantly coupled to cold and hot heat baths. Intriguingly, we find that the machine's performance strongly depends on the relative orientations of the transition-dipole vectors in the system. Perfectly aligned (parallel) transition dipoles allow for steady-state coherence effects, but also give rise to dark states, which hinder steady-state thermalization and thus reduce the machine's performance. Similar thermodynamic properties hold for N two-level atoms conforming to the Dicke model. We conclude that level degeneracy, but not necessarily coherence, is a thermodynamic resource, equally enhancing the heat currents and the power output of the heat machine. By contrast, the efficiency remains unaltered by this degeneracy and adheres to the Carnot bound.
I. INTRODUCTION
The extensive efforts over the years to reconcile thermodynamics with quantum mechanics [1] [2] [3] [4] [5] have not yet fully resolved the fundamental question: What is truly quantum about quantum thermodynamics? Is there more to it than just restating traditional thermodynamic principles for quantized systems? Attempts to cope with this problem have revolved around possible quantum resources that may boost the thermodynamic performance of heat machines as compared to their classical counterparts. A prime contender for such a resource is quantum coherence [6] [7] [8] [9] [10] [11] [12] . Intriguing schemes have predicted power and/or efficiency increase in quantum heat engines [7] due to sustainable (steady-state) coherence in non-thermal baths, as well as coherence-enhanced performance of photovoltaic solar heat converters [13] [14] [15] [16] [17] or coherent effects in photosynthesis [10, 18] . According to an interesting view [9] , coherence in thermodynamics acts as an information reservoir or Maxwell's demon, i.e., as an extra resource that can tip the entropy balance and the division of input energy between heat and work in favor of the latter [19, 20] .
Here we explore the thermodynamics of multilevel systems with excited-state degeneracy, which is a prerequisite for the persistence of interlevel quantum coherence in steady state imposed by thermal baths [6, 8, 11, 21] . Our goal is to address the question: To what extent is coherence an asset when such systems are employed as working media in heat machines?
We show that the bounds on the efficiency and power output in the presence of coherence are general and common to all cycles, i.e., reciprocating cycles that consist of consecutive strokes and continuous cycles. Similar thermodynamic performance bounds are shared by multilevel systems whose excited states are degenerate and transition dipoles are perfectly aligned, and by multipartite Dicke systems [22] . These general considerations (Sec. II) are followed (Secs. III-V) by a study of a quantum heat machine containing a working medium that has N − 1 degenerate upper levels, whose transition dipoles to the ground state may not all be aligned. The system is constantly coupled to two spectrally distinct, hot and cold, thermal baths and is periodically modulated (Starkshifted) by an external field. This modulation acts as a piston in the heat machine [23] . Our objective is to study the steady-state operation of such a heat machine, i.e., the limit cycle of its dissipative evolution, by deriving its heat currents, power, and efficiency in the ususal regime of weak system-bath coupling [1] [2] [3] [4] [5] [24] [25] [26] [27] (Sec. VI).
The present theory extends our previous study of heat machines whose working medium is a periodically modulated two-level system (TLS) that is continuously coupled to two (hot and cold) baths [21, 23, 28] (see also Ref. [29] for a recent review). The merit of such models is that they are amenable to a full quantum-mechanical analysis by the Floquet method [23, 30, 31] . Moreover, their continuous-cycle operation avoids the difficulty of ensuring compatibility with the laws of thermodynamics, in contrast to machines that are operated via reciprocating cycles that consist of four strokes (e.g., the Carnot-or the Otto cycle), where, alternately, only a hot or a cold bath is coupled to the working medium at any time [32] . The difficulty therein is to properly account for the highly nonadiabatic energy and entropy flows induced by frequent on-and off-switching of interactions with alternate heat baths in consecutive strokes. By contrast, continuous-cycle, periodically-driven, heat machines can in a straightforward manner be made compatible with the first and second laws of thermodynamics regardless arXiv:1508.02896v1 [quant-ph] 12 Aug 2015 of their nonadiabaticity [5, 23] .
Steady-state coherences between upper levels are shown here to arise as a consequence of the thermalization of the initial state under the condition of strict transition-dipole alignment. However, thermalization may then be partially blocked, i.e., be incomplete, by the mere presence of dark states. For this reason we introduce the notion of thermalization capability of the initial state. We show that this capability should be maximized, by avoiding the initial population of dark states, in order to cause maximal power enhancement by the multilevel heat machine, as compared to its two-level counterpart. We argue that it is the thermalization capability rather than steady-state coherence that underlies the power-enhancement mechanism: The key resource of the multilevel heat machine is the thermalization of transitions that share a common ground state, and are thereby correlated, whether coherently or incoherently. Similar principles govern heat machines based on a multiatom Dicke system, notwithstanding their different dynamics (Sec. VII).
The heat currents and the power are analytically shown (Secs. VI and VII) to be both strongly boosted by the same enhancement factor with respect to a single twolevel system. Consequently, the efficiency of the multilevel or multipartite heat machine equals that of its two-level counterpart and thus adheres to the Carnot efficiency bound, which is reached at zero power-the operating point at which the quantum heat engine is transformed into a quantum refrigerator [23] . The CurzonAhlborn limit [33] for the efficiency of classical heat engines at maximum power, however, can be surpassed for appropriately engineered bath spectra and carefully chosen temperatures [23] .
In Sec. VIII we discuss possible realizations of the pertinent models and their limitations. Notably, we point out that the N -atom Dicke system may be the most straightforward experimental implementation of the effects predicted in this work. In Sec. IX the conclusions of this work are presented.
II. THERMODYNAMIC RÔLE OF COHERENCES AND DARK STATES

A. Model
We consider a generalized V -type N -level system consisting of N −1 degenerate excited states |1 , . . . , |N − 1 and a common ground state |0 . The transition frequency between the excited states and the ground state is denoted by ω 0 . This system is assumed to be coupled (alternately or constantly) to cold and hot heat baths and periodically-driven (frequency-modulated) by a piston (see Fig. 1 ). Energy can flow from and to the baths via absorption and (stimulated and spontaneous) emission, respectively, of thermal bath quanta.
The system-bath interaction Hamiltonian is assumed In a reciprocating-cycle implementation the cold and hot baths as well as the piston are alternately coupled to the working fluid during specific strokes, whereas in continuous-cycle operation the system interacts with both baths as well as the piston at all times. The sketch shows the heat machine operating as an engine. In the refrigeration mode all energy flows (arrows) have to be reversed. (b) A quantum heat machine based on an N -level system with (N − 1)-fold excited-state degeneracy that constantly interacts with a cold (dashed blue) and a hot (solid red) heat bath. The transition frequency is periodically modulated to allow for power extraction (heat engine) or supply (refrigerator). (c) An analogous quantum heat machine based on an ensemble of two-level atoms.
to be of a generalized dipole-coupling form [25] that is expressed in the rotating-wave approximation as [21] H SB = N −1 j=1 i∈{c,h}
in terms of the excitation and de-excitation Pauli operators
the (possibly complex) dipole moments for the jth transition d j , and the coupling operators of the cold (hot) heat bath B c (B h ). We adopt the notation
where the strength of the largest transition dipole |d 1 | serves as reference (i.e., α j ≤ 1). We further define the dipole alignment matrix
where p ij ∈ [0, 1], which encodes the directional configuration of the N − 1 dipoles. This matrix is Hermitian, as p ij = p ji and ϕ ij = −ϕ ji . In what follows we will for brevity denote dipoles d i and d j with p ij = 1 as being parallel even if they differ by a phase (ϕ ij = 0). Prior to discussing in detail a possible setup of such a heat machine, we infer from the system-bath interaction Hamiltonian (1) some general results concerning the thermodynamic rôle of coherences in the working medium.
B. Collective-states basis
Owing to the degeneracy of the excited states of the system Hamiltonian
one is free to choose any (rotated) basis within this excited manifold, as the rotated states will still be energy eigenstates of the Hamiltonian (5) . Assuming that all dipoles are parallel and (for simplicity) of equal strength and real, we then transform the system-bath Hamiltonian (1) to the basis consisting of the ground state |0 , the collective "bright" state [34] 
and N − 2 rotated excited states that are orthogonal to the latter. The system-bath interaction Hamiltonian (1) then adopts the form
Formally, this Hamiltonian describes a single two-level system formed by |0 and |ψ b , whose interaction with the baths has a dipole moment enhanced by a factor of √ N − 1, which is responsible for superradiance [22, 35] . The remaining N − 2 states, which are orthogonal to |0 and |ψ b , are not accessible by this Hamiltonian: They are dark states with respect to the (dipolar) system-bath interaction. Consequently, if the N -level system with parallel dipoles is initially prepared in one of these dark states, it does not exchange heat with the baths, and its state remains invariant under the action of the systembath interaction Hamiltonian. We therefore anticipate the result (elaborated further on), that the steady-state solution for parallel dipoles strongly depends on the overlap of the initial state ρ(0) with these dark states, i.e., on the initial value Π d ρ(0) of the dark-state projector.
If, however, the initial state of the multilevel system is non-dark, then the rate of quanta exchange of the effective TLS (formed by |ψ b and |0 ) with the baths, γ b , is enhanced by a factor of N − 1 compared to the spontaneous-emission rate γ 1 of a TLS consisting of the states |0 and |1 . This can be deduced from the (dissipative) master-equation description for the reduced density matrix of the system, based on the interaction Hamiltonian (7): The spontaneous-emission (decay) rate scales with the square of the transition-dipole moment [24] and therefore γ b = (N − 1)γ 1 with γ 1 ∝ |d 1 | 2 (Sec. V B).
C. Power and efficiency bounds
Let us consider the implications of the collective enhancement for the heat currents, i.e., the rate of energy exchange between the system and the baths, and the power of the heat machine. The heat currents must be proportional to the rate of quanta absorption and emission of quanta from and to the baths, respectively [3, 4, 36] . This proportionality should be independent of the actual implementation of the heat machine, i.e., whether both baths are continuously coupled to the system or only one at a time in a reciprocating cycle.
Due to the enhancement of the decay rate for parallel dipoles in a bright state, the "cold" (J c ) and the "hot" (J h ) heat currents J i =Q i , Q i being the heat exchange with the ith bath, will be equally enhanced compared to their two-level counterparts, as
The first law of thermodynamics (energy conservation) [3, 5, 23] then implies that the power is enhanced by the same factor,
Equations (8) and (9) imply that although an enhancement of the output power is expected, the efficiency of the multilevel heat engine, which is defined by the ratio of the extracted power to the invested "hot" current [32] ,
remains the same as for a TLS-based heat engine where coherence is absent. Notably, the Carnot bound [32] is adhered to, by virtue of Eq. (9), Eq. (10) and the secondlaw condition [37] 
The assumptions in the foregoing discussion were the degeneracy of the excited states as well as the dipolarcoupling form of H SB between the system and both thermal baths. Any increase of the efficiency compared to Eq. (10) would require different enhancement of J c and J h , such that the enhancement c h of the "hot" current J h = c h J TLS h exceeds its "cold" current counterpart c c , i.e., c h > c c . This may only be possible for different coupling Hamiltonians between the system and the two thermal baths, H c SB and H h SB , unlike Eq. (1). However, the Carnot bound, which is a corollary of the first and second laws [32] , is upheld regardless of these assumptions since even if such enhancement can be achieved, the second law restricts the ratio of the current enhancement factors c c and c h to satisfy [cf. Eq. (11)]
D. Rôle of coherences
If all dipoles are parallel, coherences in the working fluid (medium) will build up in the bare (energy) basis according to the Hamiltonian (7) once the system is in contact with heat baths at finite temperature, since the bright state |ψ b [see Eq. (6)] is a coherent superposition of the bare excited states. Initial coherences may either suppress or enhance the machine performance: They can bring the heat machine to a complete standstill if they correspond to the set of dark states { ψ i d } since the Hamiltonian (7) then yields H SB ψ i d = 0, so that the system is then decoupled from the baths. Conversely, the Hamiltonian (7) will enhance both the heat currents and the power by a factor of N −1 due to the superradiant (collective-decay) effect if either |ψ b or the ground state |0 is initially prepared. Yet, even if the system has initially no coherence, it will evolve via the Hamiltonian (7) to a thermal mixture of |0 and |ψ b that has persistent coherences. Thus, steady-state coherences (embodied by the bright state) are formed in the bare energy basis as a result of thermalization, but the entire system does not thermalize, i.e., an N -level Gibbs state does not arise because of the availability of dark states (even if they are not populated) (see Sec. V B).
The foregoing discussion of the thermodynamic rôle of coherences in the working medium holds for the special case of all transition-dipole vectors in the Hamiltonian (1) being parallel. In what follows, we, however, wish to explore the possibility of power enhancement for misaligned (non-parallel) dipoles, or any combination of aligned and misaligned dipoles. Since steady-state coherences correspond to (destructive or constructive) interference of the dipoles, they can only arise if at least some of the dipoles are aligned. Only then may dark states exist. Without the presence of such dark states, a thermal (Gibbs) steady state of the working fluid is expected.
As we show in Sec. VII, these arguments also hold for an ensemble of N two-level atoms in a suitable geometry, which realizes the Dicke model [22, 35] (Sec. VIII C). In that case the effective system-bath interaction Hamiltonian cannot be written in the form of Eq. (7). Instead, the ensemble can then be mapped onto a collective spin-N/2 system and a multitude of dark states. The heat currents will no longer adhere to a simple form as in Eqs. (8) , but the efficiency of the Dicke heat machine will still be the same as of the TLS-based machine.
III. FLOQUET EXPANSION OF THE MASTER EQUATION IN CONTINUOUS CYCLES
In the remainder of this article these issues are investigated for a continuous-cycle heat machine, wherein the (N − 1)-fold degenerate system is constantly coupled to the two thermal baths and to a periodically modulating "piston" that allows for work extraction (in the case of an engine) or supply (in the case of a refrigerator or heat pump), respectively (see Fig. 1 ).
In our model the "piston" effects are described by a synchronous periodic modulation of all the upper states [21, 23, 28] ,
where
, Ω being the modulation rate. Such a transition-energy modulation may for example be induced by a varying magnetic field (via the Zeeman effect) or by an alternating electric field (via the Stark effect).
The master equation [24] for the reduced density operator ρ in the interaction picture iṡ
where the Liouvillian superoperator L is of the LindbladGorini-Kossakowski-Sudarshan (LGKS) form [26, 27] . As shown in [23, 30] this Liouvillian can be decomposed into "sub-bath" Liouvillians L q i describing the interaction of the system with the ith bath (i ∈ {c, h}) evaluated at the qth harmonic sideband (q ∈ Z) of the unperturbed transition frequency ω 0 , induced by the modulation rate Ω. These "sub-bath" (sideband) contributions are a consequence of the Floquet theorem for the solution of linear differential equations with periodic coefficients. The master equation (14) then adopts the additive forṁ
with the "sub-bath" Liouvillians (generalizing Ref. [21] )
Here the dissipator is defined as D(a, b) := 2aρb − baρ − ρba for arbitrary system operators a, b. The terms D σ in Eq. (15b), weighted by α j α j , describe correlated absorption and emission involving two different transitions, i.e., quanta exchange between excited states |j and |j via the common ground state |0 , |j → |0 → |j . These bath-mediated interactions between the excited states-which result in dynamical coherences-are largest when the two dipole moments involved, d j and d j , are parallel up to a phase factor (p jj = 1). For orthogonal dipole orientations (p jj = 0 ∀j = j ) these cross-correlations vanish and no coherences build up. In three-dimensional space, this completely orthogonal configuration can only be realized in a three-or four-level system.
The rates of all decay and absorption processes are determined by the respective prefactors of the dissipators in the Liouvillian (15b). Here P (q) are the Floquet coefficients [30] determining the weight of the qth harmonic sideband (with normalization q∈Z P (q) = 1) and G i (ω) is the response spectrum of the ith bath evaluated at frequency ω. These spectra fulfill the Kubo-MartinSchwinger (KMS) detailed-balance condition [25] 
For a bosonic bath, the coupling strengths explicitly read
withn i (ω) := (e βi ω − 1) −1 denoting the number of thermal quanta at inverse temperature β i = 1/k B T i and γ i (ω) being the frequency-dependent transition rate induced by the ith bath.
IV. THREE-LEVEL SYSTEM
In Sec. III we have introduced the full model, invoking couplings to two heat baths and periodic modulation of N − 1 excited states. These ingredients are necessary for the operation of the system as a heat machine. However, all the "sub-bath" Liouvillians L , and analyze its steady-state solution. This solution will serve to obtain the "global" solution for two baths involving a modulated transition frequency by simple changes of the coefficients (i.e., the transition rates). The two-bath "global" solution allowing for the modulation-induced harmonic sidebands, which is required for the computation of the heat currents, will be presented in Sec. VI.
A. Steady-state solution for degenerate excited states
In order to obtain some insight into the dynamics, we transform the master equation (15a) into a set of Ehrenfest equations of motion for operator expectation values. These equations can subsequently be cast into an inhomogeneous linear ordinary differential equation (ODE) systemẋ
for the density matrix elements. In the case N = 3 this vector is
The corresponding coefficient matrix A and the inhomogeneity b are presented in Appendix A. This linear system does not describe the entire density matrix, as it does not contain the coherences ρ 01 and ρ 02 between the ground and the excited states. The reason is that those matrix elements are completely decoupled from x and obey the independent (homogeneous) differ- 
For aligned dipoles (p := p 12 = 1) we find det(A) = 0, corresponding to a singularity of the coefficient matrix (A1). In this regime, multiple steady-state solutions of Eq. (18) may exist (depending on the initial conditions), each satisfying the linear system of equations
The general steady-state solution of the linear ODE (18) (Eq. (A5) in Appendix A) is compatible with the one found in Refs. [6, 38] . While the steady state is diagonal and unique for non-aligned dipoles (p = 1), it depends on the initial conditions (via an integral of motion) and yields persistent coherences ρ * in the aligned case (p = 1). The integral of motion agrees with a previous finding (involving a zero-temperature bath with [8] and without [38] incoherent external driving, respectively). Such initial-condition dependent steadystate solutions have also been found for degenerate Λ-systems [39] .
The time evolution of the system towards the steady state (A5) is illustrated in Figs. 2 and 3 , where we have numerically integrated the master equation (15a) and compared its steady state to the analytic steady-state solution (A5). The time evolution of the ODE (18) gives the same result. The dependence of the steadystate solution on the initial conditions for aligned dipoles (p = 1) can clearly be seen. Coherences between the excited states persist only in this regime and are just a transient effect for any misalignment. Notably, as seen from Eqs. (A5), the steady states for orthogonal dipoles (without transient coherences) and any other misalignment coincide. Consequently, dynamical correlations between the upper states [induced by the cross-terms in the Liouvillian (15b)] are important at finite times but not in the long-time limit. In particular, this implies that coherences cannot play any thermodynamic rôle in misaligned dipole transitions in the steady-state operation of the heat machine. In the aligned case (p = 1) the coherence persists in steady state, whereas it is merely a transient effect in the misaligned case (p = 0.7).
B. Non-degeneracy effects
The singularity of the coefficient matrix A for aligned dipoles only arises for perfectly degenerate levels. If a detuning ∆ between the two excited states is introduced into the coefficient matrix (A1), the determinant becomes proportional to
in the Schrödinger picture [as a generalization of Eq. (22)]. Amongst the solutions of det(A) = 0, only the case p = 1 and ∆ = 0 lies within the domain of existence of p, which is [0, 1]. In the interaction picture (in which the master equation (15a) is presented) the coefficients then become time dependent through the phase factors pe ±iϕ → pe ±iϕ e ±i∆t , and the steady state is no longer determined by the determinant of the coefficient matrix. In the secular approximation, these time-dependent phase factors, and hence all cross-terms in the Liouvillian (15b), vanish upon coarse-graining the time evolution [25] . The steady-state solution is then given by the canonical (Gibbs) distribution (diagonal in the energy basis) ρ ss ii = e −β ωi ρ ss 00 for 1 ≤ i ≤ N −1. Hence, we must assume degenerate levels in order to study possible implications of quantum coherences on the thermodynamic properties of a steady-state quantum heat machine.
V. STEADY-STATE SOLUTION: DEPENDENCE OF THERMALIZATION ON THE DIPOLE ORIENTATIONS
In the previous section we have shown that in the simplest case (N = 3), aligned dipoles are dynamically distinct from all other possible geometric configurations (cf. also Ref. [21] ). In this section we show that this distinction arises from the existence of a dark state (anticipated in Sec. II), which hinders full thermalization under certain initial conditions if the dipoles are all aligned. We expect similar behavior for the general case of N − 1 dipole transitions. In the following we investigate the steady-state solution for arbitrary dipole orientations, taking into account that as N grows, so does the dipole configuration space. To this end we first consider the extreme, simple cases of (i) no dipoles being pairwise parallel and (ii) all dipoles being parallel. The general solution for arbitrary dipole orientations can then be derived in a transparent way from these extreme cases.
A. No pairwise parallel dipoles
If no dipoles are parallel, the master equation (15a) (for a single bath at inverse temperature β and without modulation, q = 0) possesses a unique thermalized, diagonal, steady state
The straightforward proof is given in Appendix B. Here too, the steady state is independent of the actual orientation of the dipoles (as long as they are not aligned)-but the time evolution leading to this steady state depends on their orientation. Owing to their degeneracy, any superposition of excited states is again an energy eigenstate. This means that the density matrix (24) is not only diagonal in the "bare" basis {|0 , |1 , . . . , |N − 1 }, but also in any basis {|0 , |1 , . . . , |(N − 1) } formed by the ground state and the rotated excited states.
B. Parallel dipoles
Let us now consider the opposite case of all dipoles being parallel (which has been previously discussed in Sec. II). The steady-state solution in this case may not be unique due to the singularity of the coefficient matrix, which is linked to the existence of dark and bright states.
When all dipoles are aligned with the reference dipole d 1 , i.e., d j = α j e iϕ1j d 1 , the interaction Hamiltonian (1) between the system and the bath can be recast into the generic form [cf. also Eq. (7)]
(25) This operator is reported in the basis spanned by the following states: (i) the ground state |0 , (ii) the bright state [see also Ref. [34] and Eq. (6)]
and (iii) N − 2 dark states ψ (28a)
Here we have defined the projector
onto the dark-state subspace, the dark-state populations ρ ss kk , and the spectral decomposition of the part of the initial state lying within the dark-state subspace, The dark-state populations ρ ss kk in the steady-state solution (28) are the same as their initial values, since these states do not interact with the environment. The brightand ground-state components (which do interact with the environment) eventually thermalize, their Boltzmann factor e −β ω0 being determined by the bath temperature. However, the steady-state thermalization is only partial if the initial state has an overlap with the dark-state subspace. We therefore refer to the factor 1 − Π d ρ(0) as the thermalization capability of the initial state ρ(0).
The foregoing discussion has shown that whilst the interpretation of the initial-condition-dependent terms in the non-diagonal density matrix (A5) may be obscure, their physical meaning is clearly revealed in the diagonal steady-state form (28) , which has a distinct non-Gibbs character.
C. Arbitrary dipole orientations
Based on the two limiting cases considered above, we expect the dynamics to be different for aligned (parallel) and misaligned transition dipoles.
We therefore group all aligned transition dipoles (up to a phase factor) into "domains": The first n 1 aligned dipoles are grouped in domain 1, the next n 2 parallel ones are grouped in domain 2 and so forth. Altogether, there are p "domains", which contain
transition dipoles. The remaining N − 1 − N p transition dipoles are non-parallel to any other dipole (see Fig. 4 ).
As detailed in Appendix D, the N -level system with arbitrary dipoles can be mapped onto an N eff -level system with non-parallel dipoles, where
Upon introducing the new coupling constants the interaction Hamiltonian adopts the form 
Here again the {|φ i } are the eigenvectors of ρ d (0), i.e., the part of the initial density matrix lying within any of the p dark-state subspaces. The projector Π d onto the union of all dark-space subspaces has now the form
The proof of Eqs. (36) is analogous to the respective proofs of the steady-state solutions (24) and (28) . This ground-state population inevitably reduces the excited-state population and hence the coherences between excited states. Equivalently, the steadystate density matrix can only describe a completely population-inverted state iff the initial state is dark. Yet, dark states are a severe hindrance to the operation of a quantum heat machine. Hence, the magnitude of steadystate coherences cannot be a criterion for possible power enhancement in a multilevel quantum heat engine, as shown below in detail.
VI. HEAT CURRENTS AND POWER
A. Heat currents
The general steady-state solution (36) of the master equation (15a) is the key ingredient for computing the heat flows (currents) between the system and the cold and hot baths. Upon invoking the dynamical version of the second law of thermodynamics and the von Neumann entropy, the heat currents associated to the ith bath are found to be [5, 23, 30] (39) in terms of the harmonic sideband contributions
Here ρ ss is the global steady-state solution of the master equation (15a) satisfying
and ρ q i is the local solution for the system interacting with a single (ith) bath evaluated at the qth harmonic sideband, i.e., the steady-state solution of the Liouvillian (15b)
The heat currents (40) are based on a global two-bath solution, as required to avoid violation of the second law [40] . The steady-state solution of the entire master equation (15a) can be obtained from Eq. (36) upon adapting the transition rates to a two-bath situation. Owing to the KMS relation (16) , this amounts to replacing the real inverse temperature β by an effective inverse temperature β eff , which is defined by the Boltzmann factor
. (43) This effective temperature can be controlled (modified) by engineering the modulation type [and thus the Floquet coefficients P (q)] or the cold-and hot-bath response spectra [G c (ω 0 + qΩ) and G h (ω 0 + qΩ)] at the corresponding harmonic sidebands q ∈ Z, respectively. Likewise, the local steady-state solution ρ q i is obtained from Eq. (36) upon replacing
Inserting ρ ss and ρ q i into expression (40), we find the heat currents, whose explicit form is presented in Appendix E. Their comparison to the previously found result for a TLS [23] yields the heat current ratio
Here the first factor on the right-hand side is the enhancement that stems from the N − 1 available thermalization pathways. It amounts to N −1 if all transitions are of the same strength (α j = 1 ∀j). The second factor measures the thermalization capability of the initial state (i.e., the overlap of the initial state with the non-dark states, viz. the part of the initial state amenable to thermalization). This factor is only relevant for the case of at least two dipoles being parallel (for other configurations there are no dark states). The last factor strongly depends on the modulation type and the bath properties via the inverse effective temperature β eff defined in Eq. (43) , but also on the effective number of misaligned dipoles N eff [cf. Eq. (32) ]. This last factor becomes unity for N eff = 2. Such an effective two-level system is obtained for an Nlevel system with all transition dipoles being aligned [cf. Eqs. (28)].
Remarkably, for any number of misaligned dipoles the product of the last two factors in Eq. (45) is determined by the ratio of the respective ground-state populations, yielding
It follows from Eq. (46) that the largest possible enhancement factor is bounded by
the equality sign corresponding to all transitions having the same strength. This maximal enhancement corresponds to the combined heat currents from N − 1 independent two-level heat machines. The most advantageous initial condition is a state orthogonal to the dark subspace, e.g., ρ(0) = |0 0|. In that case, as is apparent from Fig. 6 , at low effective temperatures all dipole orientations yield the same (maximum) enhancement by a factor of N − 1 (assuming all dipoles are equally strong). This can be understood from the population ratio in Eq. (46): At low temperatures the ground-state population is close to one, independent of the dipole configuration.
In the opposite case of high effective temperatures, configurations with more parallel transitions are more favorable. This can again be explained based on the ground-state population ratio in Eq. (46) . Assuming full thermalization, the ground state is the more populated the fewer levels are available. Hence, for N levels the smallest N eff are the most beneficial at such temperatures. For the 10-level system shown in Fig. 6 , the ground-state population in the high-temperature limit (β eff → 0) is [according to Eqs. 
B. Power and efficiency
The first law (energy conservation)Ẇ = −(J h + J c ) relates the heat currents to the power. Whilst the explicit form of the power is again reported in Appendix E, we here compare it to its TLS counterpart, This is the same ratio as in Eq. (46) for the heat currents and therefore Fig. 6 also holds for the power ratio. We have thus come to a central conclusion: An N -level quantum heat machine can never outperform N − 1 independent two-level heat machines.
In contrast to the power, the efficiency
(when the heat machine acts as an engine) and the coefficient of performance
(when the heat machine acts as a refrigerator), respectively, are not affected by the presence of degenerate upper states, regardless of the dipole orientation. Notably, the Carnot bound is not violated, based on the results previously obtained for the TLS heat machine [23] , as discussed in Sec. II C.
C. Power-dependence on modulation rate
The result (E2) for the power output of the periodically-driven continuous multilevel quantum heat machine only differs by the extra factor N eff − 1 in the denominator from its counterpart for a two-level machine discussed in Ref. [23] . It was shown there that depending on the modulation frequency Ω the heat machine can be operated either as an engine (Ẇ < 0 for Ω < Ω crit ) or as a refrigerator/heat pump (Ẇ > 0 for Ω > Ω crit ), with Ω crit being some critical frequency.
This behavior can be understood in terms of the frequency dependence of the bath populations n c (ω) and n h (ω). At the TLS resonance frequency, they fulfill n h (ω 0 ) > n c (ω 0 ). The periodic driving introduces harmonic sidebands, that shift the frequencies at which the TLS couples to the baths [cf. also the Liouvillian (15b)]. When only two sidebands ω 0 ± Ω contribute and the cold and hot bath spectra do not overlap, the "natural" direction of the heat flows is reversed provided that n h (ω 0 + Ω) < n c (ω 0 − Ω) [31] . This explains the occurrence of a "critical" frequency Ω crit , defined by n h (ω 0 + Ω crit ) = n c (ω 0 − Ω crit ), at which the heat flows (and hence also the power) vanish. This is the point at which Carnot efficiency is reached [23] . Similar scenarios occur for example for ultracold atoms in cavities [41] , where, depending on the frequency of the cavity-pump laser, the atoms are either cooled or heated.
D. Power-dependence on initial conditions for aligned dipoles
As we have seen, the power enhancement of the N -level heat machine compared to a single two-level heat machine strongly depends on the initial conditions if some of the transition-dipole vectors are aligned [Eq. (E2)]. We here illustrate this dependence for a three-level (N = 3) system, which allows for a simple graphical representation. We shall now specify its advantageous initial conditions. Once the ground-state population ρ 00 (0) is fixed, the advantageous states, amenable to full thermalization, are those having the largest possible modulus of the coherence and the appropriate phase. These "optimal" coherences and populations must satisfy (cf. Sec. IV A)
These conditions may be satisfied by a pure state ρ(0) = |ψ(0) ψ(0)|, where
with an arbitrary phase Φ. Alternatively, these conditions hold (since the coherences between the ground-and excited states do not matter) for the incoherent mixture
in the new basis containing the bright state [cf. Eq. (26)]
Any deviation from this "optimal" initial condition results in a reduced thermalization capability and therefore in a (55) for a three-level system with respect to a TLS as a function of the ground-state population and the coherence for parallel equal dipole moments. The optimal amplification (by a factor of two) is realized on the upper edge of the colored area, i.e., for the maximally allowed coherence (and correct phase) once ρ00 is fixed [Eq. (51a)]. The lower left shaded triangle corresponds to a reduction of the power relative to a TLS, up to complete suppression in its lower left corner (the point corresponding to the dark state, which has the maximally allowed value for the modulus of the coherence but the opposite phase). For anti-parallel (ϕ = π) dipoles the diagram would be vertically flipped around the Re ρ21 = 0 axis. reduced power output. The power-enhancement factor for two equal parallel dipoles (α = 1 and ϕ = 0) is theṅ Figure 7 clearly reveals that the initial state has to be carefully prepared in order to exhibit the maximal possible power boost.
VII. DICKE-SYSTEM PERFORMANCE
Let us now consider an ensemble of N two-level atoms interacting with the same bath. The bath mediates the dipole-dipole interaction as well as non-local cooperative photon exchange, whereby a photon emitted by one atom can be re-absorbed by another [42, 43] . Quite generally, the dipole-dipole interaction renders the j-excitation states non-degenerate [43] [44] [45] . Whilst some of these collective states give rise to an enhanced decay rate, others decay much slower than their single-atom counterparts (see Fig. 8 ), conforming to "superradiance" and "subradiance", respectively [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Hence, in general N -atom systems do not obey the Dicke model [22] . However, by choosing an appropriate geometry (elaborated on in Figure 8 . (Color online) The Dicke system exemplified for N = 2. The two atoms interacting with the same environment (left plot) are mapped onto a non-degenerate four-level system consisting of collective states (middle plot). The two states carrying one excitation are superradiant (|1 ) and subradiant (|1 ), respectively. If the dipole-dipole interaction between the atoms vanishes (Ω12 = 0) and their collective decay rates are maximized (Γ12 = γ), the system is mapped onto an effective three-level system with equidistant levels (equivalent to a spin-1 system plus one dark state) (right plot).
Sec. VIII C), the dipole-dipole interaction can be made to vanish, while at the same time the subradiant states become completely dark (see Fig. 8 ). Only such a configuration can realize the Dicke system-N two-level atoms (equivalent to spin-1/2 particles) can then be mapped onto a collective spin-N/2 system [25] , whose Hilbert space is spanned by N +1 (symmetrized) collective states |j containing j excitations with eigenenergy j ω 0 , where ω 0 denotes the TLS transition frequency, and 2 N −(N +1) dark states, which are decoupled from the dynamics (By contrast, in the fully aligned multilevel case N − 2 states of the total N states are dark). This mapping [25, 43] is sketched in Fig. 8 for two atoms.
The dissipative dynamics of the Dicke system is described by the Liouvillian superoperator (for brevity given here for a single bath and without modulation) (see also Ref. [25] )
with
and the individual Pauli operators σ 
where we again resort to the projector Π d onto the dark subspace. Here the states |φ j again denote the eigenstates of the dark part of the initial density matrix. The major differences of Eqs. (58) to Eqs. (36) are the Boltzmann factors, which now differ according to the number of excitations in each state |j . As in Eqs. (36), coherences between the bare atomic states explicitly appear when transforming the solution (58) to the N -atom product basis. The same derivation as before for the multilevel case yields the cold and hot heat currents presented in Appendix F. The ratio of these heat currents (F1) and the associated power to their counterparts generated by N independent two-level heat machines [Eq. (E1) with
where ρ ss 00
At low effective temperatures, β eff → ∞, at most a single excitation is present in the Dicke system. In this limit, the Dicke ladder for N − 1 atoms may be mapped onto a degenerate N -level system with parallel transitiondipole vectors (which corresponds to an effective twolevel system with transition-dipole strength enhanced by √ N − 1). Now, from Fig. 6 we know that in the lowtemperature regime the aligned and non-aligned multilevel systems perform similarly, the latter corresponding to N − 1 independent TLS. This behavior is obtainable also from Eq. (59),
Hence, at low effective temperatures the N -atom Dicke heat machine performs as well as (but not better than) N independent two-level atoms, provided it is amenable to complete thermalization. In the opposite limit of high effective temperatures, β eff → 0, the cooperative Dicke system yields a power boost,
This ratio has the following meaning: The denominator represents the thermal equipartition of all non-dark state (59)] for the N -atom Dicke model compared to N independent two-level-atom heat machines for different particle numbers. Here we have assumed an optimal initial condition orthogonal to the dark subspace. The maximum enhancement factor is 2.
maximal power relative to TLS (low T eff ) maximal power relative to TLS (high T eff )
initial state for maximal power N -level (non-aligned dipoles)
non-dark populations, 1 − Π d ρ(0) /(N + 1), whereas N is the bright-state power enhancement and the factor of 2 stems from the high-temperature TLS ground-state population 1/2. Hence, the N -atom Dicke heat engine can give at most twice the power of its counterpart consisting of N independent TLS. The full temperature dependence of the power boost for various ensemble sizes is shown in Fig. 9 .
As a consequence of Eq. (59), i.e., the identical boost of the two heat currents, the efficiency of the Dicke heat engine and the COP of the Dicke refrigerator, respectively, are the same as their two-level counterparts,
Our results on power enhancement in N -level systems as well as for N atoms conforming to the Dicke model are summarized in Table I . The metastable state |2, 0, 0 is mixed with |2, 1, 0 to form the dressed states (|2, 0, 0 ± |2, 1, 0 )/ √ 2 by a static electric field [53] ; for a weak field these states are quasi-degenerate. Their transition dipoles (red arrows) are anti-parallel, but since |2, 0, 0 and |2, 1, 0 have opposite parity, a hydrogen atom in a static electric field behaves as if it possesses a permanent dipole moment [53] .
VIII. REALIZATION CONSIDERATIONS A. Misaligned dipoles
Degenerate excited states with non-parallel dipoletransition vectors to the ground state are ubiquitous in atomic systems without hyperfine splitting. For example, the 2p manifold of hydrogen consists of the three degenerate states |n = 2, l = 1, m = {0, ±1} . Their corresponding dipole transition vectors to the ground state are all of equal strength, but orthogonal to each other. This orthogonality, however, does not restrict thermalization (but may not produce the maximal boost at high temperatures, cf. Fig. 6 ), since there is no difference between orthogonal and any other non-aligned configuration in the steady-state heat machine.
B. Aligned dipoles in multilevel atoms
Multilevel degeneracy combined with perfect alignment (parallelism) of the transition dipoles, which is a prerequisite for coherence effects, is much harder to realize, since it cannot occur in bare atomic systems due to selection rules [38] . It is, in general, also not possible to engineer dressed states within the excited manifold that have this property and at the same time adhere to our model: Combining degenerate states with orthogonal dipole moments (as in the 2p manifold of hydrogen) creates effective states with non-orthogonal but also nonparallel dipoles [38] .
A possible realization of alignment may be to superpose a decaying and a non-decaying (metastable) state. Such linear combinations of decaying and metastable states, however, do not possess a definite parity. This means that the dipole operator D has permanent (static) dipole moments e i |D|e i , as e.g., formed via the linear Stark effect in hydrogen (see Fig. 10 ). In the derivation of the master equation (15a), however, we have assumed that the ground and excited states have a definite parity and therefore the atom has no permanent dipole moment.
Nevertheless, a permanent dipole moment e i |D|e i is not a hindrance to the treatment of system-bath coupling for a broad class of thermal baths [25] : For dipolar system-bath coupling [H SB = D ·B as in Eq. (1)], the static part of the dipole operator in the interaction picture does not contribute to the Liouvillian part of the master equation as long as
which is the case for bosonic baths provided γ(ω) ∝ ω α with α > 1. This ω = 0 (static) component of the dipole operator, which is absent in the Liouvillian, represents the permanent dipole moment, since (given here for a TLS for brevity)
with the transition dipole matrix element d := e|D|g . Yet, even though Stark-shifted states may realize the aligned-dipoles model (on time scales much shorter than their inverse splitting 1/∆), the predicted power boost is countered by the fact that in an equal superposition of decaying and metastable states only half of the superposed state has dipolar interaction with the bath [21] . Hence, the decay rate is reduced compared to that of the decaying state to γ eff = 1 2 γ. Consequently, the power boost and the reduction in the effective spontaneous emission rate exactly cancel each other. Still, one could argue, that there is a power boost relative to a TLS decaying at rate γ eff .
It has been suggested that one may create an effective V -type system with aligned dipoles out of a Λ-system with orthogonal transitions by applying a strong laser field [38] . The resulting V -system is non-degenerate, but the energy mismatch can be tuned to be very small, such that one can observe the effects discussed here on long time scales. However, as for the Stark effect discussed above, the decay rate of the dressed state is smaller than that of the bare excited state, precluding a power boost.
In view of these difficulties, the strict alignment requirement should be relaxed in realistic experimental situations. Even though for quasi-aligned dipole transition vectors no dark states exist, strongly subradiant (metastable) states may still arise. The nonthermalization of these "quasi-dark" states should therefore be experimentally observable on appropriate time scales.
A promising alternative is to make use of the plethora of vibrational and rotational levels in molecules as discussed in the supplemental material of Ref. [11] .
C. The Dicke system
In view of the conceptual difficulties in finding a realization of parallel dipoles in a degenerate multilevel system that is capable of power boost compared to a TLS, we shall revisit the Dicke system discussed in Sec. VII. As we have seen, this multipartite setup exhibits similar thermodynamic properties to a degenerate N -level system of parallel dipoles and may produce a power boost under suitable initial conditions. Traditionally, the superradiant Dicke model was thought to be realizable by a dense atomic ensemble confined well within the cubed emission wavelength [25, 35] . Yet, in general, such ensembles do not obey the Dicke model, since the dipole-dipole interaction as well as the cooperative decay rates strongly vary, depending on the spatial symmetry and spacings of the atomic ensemble [42, [54] [55] [56] [57] [58] . The remedy is to realize the Dicke model in field-confining structures such as photonic bandgap structures [59, 60] , cavities [61] (see also [62] ), and waveguides [63] [64] [65] [66] .
In particular, consider the realistic setup (Fig. 11) [67] of a periodic 1d lattice of atoms (each tightly confined by the lattice potential) that are positioned at equal distances d within or next to a photonic waveguide. Alternatively, we may employ a chain of superconducting qubits coupled to a microwave coplanar waveguide [68] . Field confinement can give rise to a giantly enhanced density of modes at the lower cutoff frequency of the waveguide [64, 69] . Then, atoms whose resonance frequency ω 0 is just above ω cutoff are predominantly coupled to the 1d axial-mode continuum, whereas transversemode (free-space) effects are negligible in comparison, γ 1d γ free [64, 69] . In such an effective 1d photonic "bath", the cooperative decay rates Γ ij and resonant dipole-dipole interactions Ω ij of atoms i and j are [68, 70] Γ ij = γ 1d cos (kd) (66a)
with the wavenumber k = 2π/λ = ω 0 /c. The oscillatory behavior of Eqs. (66) stands in stark contrast to the decay with distance of their counterparts in free space [42] and allows us to choose the interatomic distance d = λ such that
In this geometry, the atomic lattice realizes the Dicke system [22, 35, 44] , i.e., diagonalization of the N -atom Li-ouvillian operator with the interatomic decay rates (67a) leads to the Liouvillian (56) involving a single decay channel, whose collective steady-state solution is the partial thermal state (58) . By coupling the atoms to two similar waveguides kept at different temperatures (see Fig. 11 ), we may operate the setup as the heat machine depicted in Fig. 1a . The high-temperature regime, where the Dicke model may outperform the fully thermalized model corresponds to temperatures T eff ω 0 /(5k B ) (see Fig. 9 ). For optical transitions (ω 0 ∼ 10 15 Hz) these are temperatures of the order of 10 3 K. By contrast, for microwave transitions (ω 0 ∼ 10 9 Hz) the high-temperature regime is already realized at T eff 10 −3 K.
IX. CONCLUSIONS
The present analysis sheds new light on multilevel or multipartite heat machines and their degeneracy as a thermodynamic resource that can boost the heat currents and the power output of heat engines. By contrast, the efficiency of such machines was shown to be unaltered compared to a TLS-based machine, which adheres to the Carnot bound.
We can summarize our findings regarding the rôle of initial and steady-state coherences in the power enhancement of degenerate steady-state multilevel quantum heat engines as follows, 1. Steady-state coherences are a consequence of thermalization if at least two transition dipoles are parallel. Such coherences arise in the bare energy basis but not in the rotated basis containing dark states.
2. Neither initial nor steady-state coherences do necessarily imply power enhancement compared to a single TLS and, vice versa, power enhancement does not always entail initial or steady-state coherences. The relevant factor for power enhancement is the thermalization capability (Sec. V B) of the initial state, not the amount of steady-state coherence.
As an extreme example, even if all three dipoles of a four-level system are perpendicular to each other (the largest orthogonal system possible in threedimensional space) the power is enhanced-without coherence between the excited states at any time and regardless of the initial condition. The decisive ingredient is the common ground state of the dipole transitions. It is generally true that aligned dipole configurations yield higher power boost than nonaligned ones in the high-temperature limit-if the initial state is properly chosen. Even then, we may not attribute this power boost (compared to nonaligned configurations) to steady-state coherences but rather to the presence of dark states, which reduce the number of available levels amenable to thermalization. The key factor for enhancement is the ground-state population of this reduced N efflevel system. The fewer levels can thermalize, the more is the ground state thermally populated. Yet, any population in the ground state necessarily decreases the maximally permitted coherences within the excited-states manifold.
3. Power reduction implies the existence of steadystate coherences. Power reduction is associated with dark states being initially populated. The largest possible steady-state coherences correspond to fully excited (population-inverted) states, which can only occur if the initial state is dark.
Overall, we found that an N -level heat machine cannot yield higher power than N − 1 independent two-level heat machines. Whilst at low-temperatures both machines perform equally well, the power enhancement in the N -level machine decreases at higher temperatures, unless all dipoles are parallel. Taking advantage of the full cooperativity of the excited states (occurring only for parallel transition dipoles), however, requires carefully chosen (non-dark) initial conditions (Sec. V) and its realization encounters conceptual difficulties (Sec. VIII B).
Similar conclusions were found to apply in N -atom ensembles that, under specially-chosen conditions, obey the Dicke model (Sec. VIII C). Remarkably, the N -atom Dicke model yields at best doubly-enhanced power compared to N independent atoms (and only at high temperatures) (Sec. VII). Nevertheless, doubling the power output of a heat machine by cooperative effects will be an important achievement.
To conclude, our findings elucidate the possible impact of steady-state coherence or entanglement in the working medium on the performance of heat machines. The fact that the heat baths are assumed to be thermal allows us to uphold the Carnot bound. The possibility of exceeding the Carnot bound by virtue of harnessing non-thermal baths in the heat machine, including baths consisting of coherently-superposed [7, 71, 72] or superradiant [73] atomic systems, as well as squeezed baths [74] is outside the scope of the present discussion, and so are effects related to piston quantization [75] [76] [77] [78] [79] or to strong system-bath coupling [80] [81] [82] that require further clarification. Notwithstanding these open issues, the present results help delineate the limited (but significant) part that quantum coherence or entanglement may play in quantum thermodynamics. [Eq. (24)] is indeed the steady-state solution of the master equation Lρ ss = 0 for N levels when the dipoles are not aligned.
Appendix C: Proof of the steady-state solution (28) for aligned dipoles
Proof. The master equatioṅ
associated to the system-bath interaction Hamiltonian (25) is the sum of the two Liouvillians
describing decay and absorption processes mediated by the bath between the bright-and the ground states, respectively. We first show that the steady-state solution cannot contain coherences between non-dark and dark states because according to equation (C2) the Ehrenfest equations for these coherences read 
The latter normalization condition follows from the fact that the relative weights of non-dark (bright and ground) states and initial dark-state contributions cannot be altered by the Liouvillian dynamics. We then assume a diagonal steady-state density matrix. Inserting such an ansatz into the master equation (C2) and making use of the KMS relation (16) yields, in the basis spanned by the bright and ground states, 
(E2)
Appendix F: Cooperative heat currents for the Dicke system For the N -atom Dicke system the heat currents read (i ∈ {c, h}) 
